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Abstract

Differential test functioning (DTF) evaluates whether a test exhibits group
differences beyond those attributable to latent trait differences. Its magnitude is
often most interpretable on the raw-score scale. However, most existing DTF
effect size measures rely on item response theory (IRT) modeling. Building on the
renewed practical value of sum scores, this study proposes a simple observed-
score-based approach to estimate the DTF magnitude directly in raw-score
points. The proposed Index S stratifies examinees by an anchor-based sum score
composed of items not flagged for differential item functioning (DIF), summarizes
the within-stratum mean differences in total test scores, and aggregates these
conditional differences using weights based on the observed distribution of the
matching variable. To stabilize the estimation when score strata are sparse,
adjacent strata are merged to satisfy a minimum per-group sample size
requirement, and Index S_std provides a standardized version. We evaluated the
indices using two-parameter logistic (2PL) simulation studies by varying the sample
size, test length, DIF type, DIF proportion, DIF direction, and focal group latent
trait distribution. The utility was assessed in terms of estimation accuracy,
including Bias and root mean square error (RMSE), and correlation with
established IRT-based DTF indices. An empirical application to TIMSS 2023 Grade
8 mathematics (Japan vs. the United States) illustrates how the proposed indices
provide an accessible raw-score interpretation of the DTF magnitude for both
psychometric and non-psychometric stakeholders.
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Introduction

When conducting differential item functioning (DIF) analyses in test development
and related settings, it is important to examine not only DIF but also differential test
functioning (DTF) (Drasgow et al., 2018; Stark et al., 2004). DIF refers to the simple
observation that an item displays different statistical properties in different group set-
tings after controlling for differences in group ability (Angoff, 1993). In this study,
DTF similarly refers to the simple observation that the entire test displays different
statistical properties across groups after controlling for latent trait differences using
information from all items. A related concept is differential bundle functioning
(DBF), which targets a subset of test items (e.g., a booklet) and estimates the magni-
tude of differential functioning within that subset. Although previous work has some-
times discussed DTF and DBF without making a strict distinction (Shealy & Stout,
1993), the present study distinguishes between the two and focuses specifically on
DTF.

When the two respondent groups (a focal group and a reference group) are com-
pared in the DIF analyses, two DIF patterns are possible. The first case is one in
which DIF items favor, for example, the reference group, and the resulting DTF also
favors the reference group; this is called unidirectional DIF (Raju et al., 1995). The
second case occurs when items favoring the focal group and those favoring the refer-
ence group are balanced to a similar degree; this is called bidirectional DIF. In this
situation, two items (one favoring the reference group to the same degree as another
favoring the focal group) can cancel each other out, producing no net contribution to
the total DTF (Raju et al., 1995). In addition, even when no single item is flagged as
exhibiting DIF, the accumulation of small DIF effects may induce DTF at the test
level (Stark et al., 2004). Because decisions are made based on the results of an entire
test rather than on the results of individual items, DTF analysis plays a critical role in
ensuring test fairness (Chalmers et al., 2016; Pae & Park, 2006; Stark et al., 2004;
Temel, 2023).

The estimation of DTF magnitude has been discussed primarily in terms of item
response theory (IRT)-based parametric methods (Meade, 2010). Following Meade
(2010), we introduce the signed test difference in the sample (STDS), Stark’s differ-
ential test functioning ratio (DTFR; Stark et al., 2004), and the expected test score
standardized difference (E7SSD).

First, for STDS, ES(Si‘(;’ 5 denotes the expected score (ES) for respondent s on
item i, evaluated at that respondent’s estimated latent trait level 6, using the esti-
mated focal-group item parameter y,. Similarly, ES(S[|9, 7o) denotes the corresponding
ES computed using the estimated reference-group item parameter y. The item-level
signed item difference in the sample (SIDS) for item i is defined as



Sakamoto and Kumagai 3

N
Zs=1 [ES(si\é, e ES(Si\éa YR)]

SIDS =
N b

and STDS is the sum of SIDS across the items

J
STDS = Z SIDS;.
i=1

SIDS is designed so that the advantages and disadvantages within an item between
the reference and focal groups can offset each other. STDS, formed by summing
SIDS across items, also captures the cancelation of DIF effects. This feature is useful
for evaluating the substantive impact of DTF in practical contexts such as when com-
paring group means at the entire test level.

Next, let the test characteristic curve (TCC) TCCg(6) represent the expected total
test score for the reference group at a particular value of the latent trait, and let
TCCgr(0) represent the TCC value for the focal group, computed using the equated
focal group item parameters. The DTFR in raw-score points can then be obtained by
integration, as shown here

DTFR= J[TCCR(O) — TCCur (60))fr (6)d6,

where fr(0) is the ability density for the focal group, which is assumed to be normally
distributed with a mean of K and a variance of 1. Essentially, the DTFR represents
the difference in how the underlying attribute relates to the expected observed scores
of the two groups (Stark et al., 2004).

Finally, using the expected test score (ETS), the ETSSD is defined as

J
ETS = Z ES,;,
i=1

ETSSD=
SDTestPooled

and can be interpreted analogously to Cohen’s d (Cohen, 1988). STDS and DTFR are
unstandardized effect sizes on the raw-score scale, whereas ETSSD is standardized
and therefore useful when comparing DTF magnitudes across tests or scales with dif-
ferent numbers of items.

Recently, the intuitive interpretability and practical utility of sum scores have
been re-evaluated. Sijtsma et al. (2024) showed that raw scores stochastically order
latent trait values and position sum scores as robust ordinal approximations of con-
tinuous latent traits. Their simulations further showed that the correlation between
sum scores (X4 ) and true 6, or (X4, 0), often exceeds the correlation between esti-
mated 6 and true 6, or r(é, 0), especially with small sample sizes or misspecified
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item response functions (Sijtsma et al., 2024). In addition, from the perspective of
intuitive test theory, sum scores are readily interpretable because performance is
expressed directly in raw-score units (Braun & Mislevy, 2005; Sijtsma et al., 2024).
Applied to the DTF estimation, one can state, for example, that in a 20-point test, the
magnitude of the DTF is approximately three points. Such raw-score interpretation
helps not only psychometricians but also non-psychometrician practitioners and test
stakeholders grasp the DTF magnitude more easily (Baguley, 2009). Simultaneously,
sum scoring corresponds to a constrained measurement model and is not assumption-
free; therefore, its use should be justified relative to the intended inferential goal
(McNeish & Wolf, 2020). Therefore, in the present context, we adopted a simple,
observed-score-based approach to summarize test-level differential functioning on
the raw-score scale, rather than pursuing latent trait estimation itself.

However, most DTF estimation methods proposed to date are IRT-based
(Chalmers et al., 2016; Halpin, 2024; Meade, 2010). SIBTEST is a well-known stan-
dardization-based procedure that evaluates differential functioning by separating
items into a studied or suspect subtest and a valid or matching subtest (Shealy &
Stout, 1993). A distinctive feature of SIBTEST is its regression correction, which
adjusts for residual group differences in target ability after matching on the valid
subtest. Although SIBTEST can be configured to evaluate the collective differential
functioning of multiple studied items at the subtest or test level, it was primarily
developed as a hypothesis-testing framework and typically handles sparse score
strata by excluding them from the computation. In contrast, the present study focused
on an effect-size summary expressed directly as raw-score points for the entire test.
SIBTEST’s primary emphasis on hypothesis testing was beyond the scope of this
study.

Recent work on DTF has proposed methods that account for sampling variability
and provide confidence intervals for DTF magnitude (Chalmers et al., 2016), as well
as methods that avoid the explicit identification of anchor items in DIF/DTF analyses
(Halpin, 2024). These are important contributions to uncertainty quantification and
address the practical difficulties of anchor-item selection. In addition, while IRT-
based frameworks such as differential functioning of items and tests (DFIT) provide
well-established test-level indices (e.g., signed and unsigned TCC-based measures)
(Raju, 1988; Raju et al., 1995), these methods require fitting an IRT model and com-
puting the ES functions. The contribution of the present study is that it provides a
purely observed-score, standardization-based effect-size summary of the DTF magni-
tude that can be computed without IRT modeling, while retaining raw-score inter-
pretability and the cancelation property emphasized in the DTF literature.

Accordingly, this study proposes a simple approach for DTF analysis based on
sum scores and the corresponding magnitude of the DTF indices (Index S and Index
Ssd). Index S first stratifies respondents by scores on non-DIF items (anchor items)
and then aggregates within-stratum mean differences in total test scores to estimate
the magnitude of DTF, while controlling for latent trait distribution differences
between the focal and reference groups contained in the observed mean score
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difference. Index Syq is a standardized version of Index S. Methodologically, we
evaluated (a) estimation accuracy based on Bias and root mean square error (RMSE);
(b) correlations with established IRT-based indices (STDS, DTFR, and ETSSD); and
additional sensitivity analyses. We also illustrate how Index S can be interpreted
using real large-scale assessment data from TIMSS 2023 Grade 8 Mathematics
(Japan vs. the United States).

This study contributes to the literature by (a) providing an effect-size index that
allows for intuitive interpretation of DTF magnitude on a raw-score scale and (b)
establishing the potential for complementary use with existing IRT-based DTF
indices. We did not directly compare methods that focused primarily on confidence
intervals for DTF magnitude (Chalmers et al., 2016) or methods that do not require
the explicit identification of anchor items (Halpin, 2024). Instead, we focus on IRT-
based point-estimate DTF indices (STDS, DTFR, and ETSSD) and limit the scope to
developing and validating the Index S, which can approximate these existing indices.

Index .S Procedure

The Index S proposed in this study aims to summarize the test-level score difference
attributable to DIF (i.e., the DTF component) on a raw-score scale. As the observed
mean score difference combines both the impact (differences in ability distributions)
and DTF effects (Stark et al., 2004), we stratified respondents by anchor item scores
and estimated the DTF component by aggregating within-stratum raw-score differ-
ences using weights proportional to group sizes.

Conceptually, Index S is a standardization-based estimator that summarizes the
conditional mean difference in total scores across groups after matching on an
anchor-based score and then averages these conditional differences using the
observed distribution of the matching variable. This perspective links the proposed
index to the long-standing standardization approach in DIF research (Dorans &
Kulick, 1986) and to SIBTEST’s model-based standardization framework, which
separates the impacts of DIF and DIF/DTF components (Shealy & Stout, 1993).

More formally, let A denote the anchor-score stratum, 7' the observed total test
score, and G € {R, F'} group membership. Index S can be written as

Index =Y " w(a){E(T|G=R,A=a) — E(T|G=F,A=a)},

where w(a) denotes the weight assigned to anchor-score stratum a. In the present
study, w(a) corresponds to the pooled observed distribution of the anchor score.
Thus, Index S is a direct standardization estimator that averages anchor-score-specific
differences in total scores over the observed distribution of the matching variable.
This formulation also clarifies the relationship between Index S and SIBTEST-
type estimators. In the usual SIBTEST procedure, regression correction is typically
incorporated to adjust for residual group differences in target ability after matching
(Shealy & Stout, 1993). To isolate the direct standardization component and clarify
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the algebraic relationship with Index S, consider an uncorrected SIBTEST-type stan-
dardization estimator using the same matching variable and weights. The correspond-
ing quantity can be written as

Bucon= > _w(@{E(Y|G=R,A=a) — E(Y|G=F,A=a)}l(a),

where Y denotes the studied item or studied subtest score and /(a) is an inclusion
indicator for whether stratum a is retained in the computation. Therefore, when
Y=T,I(a)=1 for all strata, the same weights are used, and regression correction is
not applied. Index S is algebraically equivalent to the corresponding uncorrected
direct-standardization estimator.

In general, however, Index S is not identical to the usual SIBTEST . The usual
SIBTEST framework is defined for a studied item or studied subtest score, assumes
a distinction between the studied and valid/matching subtests, incorporates regression
correction in its standard formulation, may exclude sparse strata from the computa-
tion of B when the number of examinees in a stratum falls below a minimum per-
group sample size, denoted J,,;;;, and provides a formal significance test in addition
to an estimate of DIF/DTF magnitude (Bolt & Stout, 1996; Shealy & Stout, 1993).
By contrast, Index S, as proposed here, is an observed-total-score effect-size sum-
mary designed to quantify DTF magnitude directly in raw-score units, without an
accompanying hypothesis-testing procedure.

Assuming two respondent groups of interest, Index S is computed in the following
three steps:

1. First, conduct DIF analysis and identify non-DIF items as anchor items.

2. Second, we computed the anchor item total score and stratified the respon-
dents in one-point increments. For each stratum, the mean difference in total
test scores between the groups was calculated and weighted by the proportion
of respondents in that stratum.

3. Third, the weighted values across all strata were summed to obtain the Index
S, an indicator of the DTF magnitude. If required, the standardized indicator
Index Sgq can also be computed by dividing Index S by the pooled standard
deviation of the total test scores across the groups.

Because Index S and Index Syg summarize the test-level DTF impact, DIF effects
can cancel out across items regardless of whether the DIF is unidirectional or bidirec-
tional. Thus, they share the same cancelation properties as STDS, DTFR, and ETSSD.

Step I: Identification of Anchor Items

Before the DTF analysis, a DIF analysis was conducted to identify the anchor items.
Existing DIF methods, such as the Mantel-Haenszel (MH) method (Mantel &
Haenszel, 1959) and Raju’s method (Raju et al., 1995), can be used.
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Step 2: Stratification by Anchor Items and Computation of Mean
Sum-Score Differences

For each respondent, we computed the total anchor item score identified in Step 1
and stratified the respondents according to that score in one-point increments. Within
each stratum, we computed the mean difference in total test scores between the two
groups. To ensure a minimum per-group sample size, denoted Jyi,, in each stratum,
adjacent strata were merged whenever the count fell below Jy,;,. Specifically, we pro-
ceeded from lower to higher scores and, as a rule, merged an underpopulated stratum
with the adjacent higher-score stratum (L + 1); only for the topmost stratum, where
upward merging was not possible, we merged downward (L — 1). This merging was
repeated until all the resulting strata met the Jy,;, criterion. Because the goal was to
quantify the test-level DTF magnitude, we did not exclude sparse strata from the
analysis (Shealy & Stout, 1993). This choice differs from the SIBTEST inclusion-
rule approach, in which score categories that do not satisfy the minimum sample-size
requirement may be omitted from the computation. We adopted merging rather than
exclusion to retain the full observed-score range when summarizing DTF magnitude
on the total-score scale.
Then, for each stratum formed by the anchor-item total score, compute

dr=(Sgr — SrL)X Wy, (1)

where L denotes the stratum defined by the total anchor item score. Within each stra-
tum, L, S‘RL, and Sp represent the mean total test scores for the reference and focal
groups, respectively, and W, denotes the proportion of respondents in that stratum
among all respondents.

Step 3: Computation of DTF Magnitude Indices

Based on Step 2, compute DTF magnitude indices as follows:

Index S = Z d. (2)
2

As is clear from Equations 1 and 2, Index S is a raw-score-based DTF index whose
unit depends on the number of items in the test. In other words, it is an unstandar-
dized index with benefits such as ease of interpretation (Baguley, 2009). However,
their magnitudes cannot be compared directly across tests or scales with differing
numbers of items.

Therefore, as a standardized index,

Index S
D pooled

Index Ssiq =

b
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Index Sgq can also be proposed. This is a standardized DTF index, analogous to
ETSSD derived from IRT, and can be interpreted in a manner similar to Cohen’s d
(Cohen, 1988).

Simulation Studies

In this study, the utility of the proposed indices (Index S and Index Ssq) was evalu-
ated from two perspectives: (a) estimation accuracy and (b) correlations with existing
IRT-based DTF indices. These primary simulation studies assumed that the anchor
items were correctly identified, thereby allowing the basic estimation performance of
Index S to be evaluated under controlled conditions. To address practical implemen-
tation issues, we also conducted an additional targeted sensitivity analysis examining
the effects of anchor contamination and the choice of J,,;, the minimum per-group
sample size required within each anchor-score stratum. A representative condition is
reported in the main text, and the full set of conditions is provided in the
Supplemental Material.

Perspective (a) evaluates Bias and RMSE, while Perspective (b) provides conver-
gent validity evidence relative to established indices. Simulations were performed
using the mirt package (Chalmers, 2012), version 4.4.2 in R (R Core Team, 2025).
IRT-based indices (STDS, DTFR,and ETSSD) were derived from a two-group two-
parameter logistic (2PL) model estimated with multipleGroup() and computed using
empirical_ES(). Their signs were adjusted as needed to ensure a consistent direction
of interpretation with Index S and Index Sgq4. The EM algorithm was used for estima-
tion; non-DIF (anchor) items were constrained to be invariant across groups, and the
focal-group mean and variance were freely estimated. Population benchmark values
were defined using large Monte Carlo samples (50,000 per group) and therefore did
not depend on the finite-sample N1 and N2 conditions. The default EM convergence
criterion in mirt (tolerance (TOL) = .0001) was used because the convergence toler-
ance was not explicitly specified in the estimation call.

Design

This simulation study used dichotomous response data. Responses were generated
using the 2PL IRT model.

1
Cl+exp(— 1.74;(6, — b))

P;(6i]a;, by) 3)

Under this model, the probability of a correct response on an item is defined as a
logistic function of a respondent’s latent trait parameter theta (6;), item discrimination
parameter (g;), and item difficulty parameter (b;).

We simulated the responses for the two groups (reference and focal) with N =250
or 500 respondents per group. We manipulated six factors: sample size (250 or 500
per group), test length (20 to 40 items), type of DIF (uniform or non-uniform),
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Table |I. Summary of the Simulation Conditions.

Study Type of DIF Reference-group 6 Focal-group 6
Study | Uniform DIF N(O, I) N(O, I)

Study 2 Non-uniform DIF N(O, I) N(O, I)

Study 3 Uniform DIF N(, I) N(—-0.5,1)
Study 4 Non-uniform DIF N, I) N(—0.5,1)

Note. Across all the studies, the test length was 20 or 40 items. The DIF proportions were 10%, 30%, or
50%. The direction of DIF included both unidirectional and bidirectional conditions. The sample sizes per
group were 250 and 500.

proportion of DIF items (10%, 30%, or 50%), direction of DIF (unidirectional or
bidirectional), and latent trait distribution of the focal group (N (0, 1)s; N( — 0.5, 1)).
The latent trait distribution of the reference group was fixed at N (0, 1). The simula-
tion design is presented in Table 1.

Specifically, the test length was set to 20 or 40 items, and the DIF proportions
were 10%, 30%, or 50%. DIF items were placed in the latter part of the test. For
example, when the test length was 20 and the DIF proportion was 30%, Items 1520
(six items) were set as DIF items.

We assumed two types of DIF: uniform DIF and non-uniform DIF. For the item
parameters, under uniform DIF, the @ parameters were set identically for both groups.
When the test length was 20 items, the first 10 items were set to a; = 1.2, and the
remaining 10 items were set to a; = 1.8. When the test length was 40 items, the first
10 items were set to @; = 1.2, and the remaining 20 items were set to a; = 1.8. The b
parameters were also identical across groups; we repeated the sequence (b; = —1,
—0.5, 0, 0.5, and 1) until the required number of items was reached. We then intro-
duced DIF by shifting the difficulty of the DIF items by (b; + 0.5).

Under non-uniform DIF, the baseline item-parameter settings were the same as
those used for uniform DIF. For DIF items, however, we induced non-uniform DIF
by varying the a parameter across subgroups using the pairs (¢; = (1.2, 1.5), (1.5,
1.8), (1.8, 1.2)) repeated as many times as needed to cover the designated number of
DIF items. For example, with a 20-item test and a DIF proportion of 30%, six items
(Items 15-20) were designated as DIF items. In the non-uniform DIF condition, their
a parameters were assigned across subgroups as (a;= (1.2, 1.5), (1.5, 1.8), (1.8, 1.2),
(1.2, 1.5), (1.5, 1.8), (1.8, 1.2)).

Regarding the direction of DIF, we specified two conditions: unidirectional DIF,
in which all DIF items were shifted for Group 2 such that b,;+0.5, and bidirectional
DIF, in which DIF items were split evenly so that half were shifted for Group 1
(b1;+0.5), and the other half were shifted for Group 2 (b,; +0.5).

For the latent-trait distribution, we considered two conditions: (a) Both groups fol-
lowed a standard normal distribution (6z; ~ N(0, 1)and 6z ~ N(0, 1)), and (b) only
Group 2 had a shifted mean of —0.5(6 ~ N(0, 1)and 6 ~ N(— 0.5,1)).
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Evaluation Criteria

The estimation accuracy evaluation focused on Index S versus STDS and DTFR, and
on Index Sy versus ETSSD. Owing to space limitations, we report the results only
for Index S and STDS in the main text; the results for DTFR and ETSSD are provided
in the Appendix and Supplemental Materials.

For each simulation condition ¢ (sample size, test length, proportion of DIF, type
of DIF, direction of DIF, and the focal group’s latent trait distribution), let 3,
denote the estimate obtained in replication (=1, ...,R), and let sg“e denote the
true value under condition c. Bias and RMSE were computed as

true

Mz

Bias.=

R
RMSE, = Z Se.r) — sre)’

The true value s™° was numerically approximated using a large Monte Carlo sam-

ple (50,000 respondents per group) generated with the item-parameter settings for
each condition. In computing the true values, responses were generated by assigning
the same latent trait distribution to both groups so that the resulting values reflected
only the DTF component, with the impact component (i.e., between-group ability dif-
ferences) removed. Therefore, the true values did not depend on the sample-size con-
dition (Ng, Nr). In this study, we set R =500.

The true value of STDS is defined as the expected difference in test scores under
the 2PL model in Equation (3).

STDSZW = Eg

J
> {Py(6) - sz(e)}] ,0~N(,1),

Jj=1

and were numerically approximated using the same distribution. Correspondingly,
Bia s and RMSE for STDS were computed as follows:

R
BiasS™S = %Z (STDS|.,) — STDS™),

r=1

R
RMSES™S = Z STDS,.,) — STDS!)’.

Notably, even in conditions where the latent trait distributions of the two groups
differed (Studies 3 and 4), the true values were defined under the same distribution.
This choice was made so that the true value would represent the DTF component
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attributable to DIF itself, rather than a mixture of DTF and between-group differ-
ences in latent trait distributions. Thus, Studies 3 and 4 were designed to evaluate
whether each index could accurately recover the DTF component even when impact
was present in the estimation sample.

Results: (a) Estimation Accuracy

Figures 1—4 show the estimation accuracy of S and STDS in terms of RMSE (lines)
and Bias (bars) across the four sample-size conditions (Ng, Np= 250/250, 250/500,
500/250, and 500/500). Detailed numerical results for each condition, as well as the
results for Index S versus DTFR and Index Sgq versus ETSSD, are provided in the
Supplemental Material. Although there are multiple ways to set Jyin(Chalmers &
Zheng, 2023), we adopt Jyin =2, which is the most aggressive setting (Shealy &
Stout, 1993).

As shown in Figure 1, (Ng =250, Nr=250), RMSE increased for both indices as
the proportion of DIF increased. For STDS, the RMSE increase was relatively larger
under latent mean-shift conditions (Studies 3 and 4) with unidirectional DIF, and this
pattern was particularly pronounced when the test length was 40. With respect
to Bias, Index S generally remained near zero, whereas a positive Bias emerged
under the latent mean-shift conditions with bidirectional DIF at the 50% DIF condi-
tion. In contrast, STDS showed a consistently negative Bias under latent mean-shift
conditions with unidirectional DIF.

As shown in Figure 2, (Ng =250, Np =500), RMSE again increased with the pro-
portion of DIF, consistent with Figure 1. Index S exhibited relatively stable behavior
under this condition, whereas STDS continued to show an inflated RMSE and persis-
tent negative Bias under latent mean-shift conditions with unidirectional DIF.

In Figure 3, (Ng =500, Nz =250) and S did not deteriorate substantially overall,
however, its positive Bias became relatively larger under the latent mean-shift condi-
tions with bidirectional DIF. STDS tended to yield a comparatively larger RMSE
among the four sample size conditions, and its negative Bias persisted under latent
mean-shift conditions with unidirectional DIF.

In Figure 4, for (Np=500,Nr=500), the estimation variability is generally
reduced when both groups have larger sample sizes. The Index S showed the most
stable performance across the four conditions, with limited Bias. Nevertheless, even
under this condition, STDS still exhibited an increased RMSE and a persistent nega-
tive Bias under latent mean-shift conditions with unidirectional DIF.

Overall, both indices exhibited an increasing RMSE as the proportion of DIF
increased. In addition, differences between indices were dependent on the conditions.
For STDS, an inflated RMSE and a consistently negative Bias were observed under
latent mean-shift conditions (Studies 3 and 4) with unidirectional DIF. In contrast,
Index S generally maintained a relatively small Bias across many conditions,
although a positive Bias was observed in Studies 3 and 4 with bidirectional DIF when
the DIF proportion was 50%. These results suggest that estimation accuracy varies
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6 Educational and Psychological Measurement 00(0)

not only with the proportion of DIF but also with the combination of latent mean-
shift conditions and the direction of DIF. Finally, the impact of @ parameter differ-
ences was relatively small compared to the effects of latent mean shifts and the
direction of the DIF.

These systematic bias patterns can be understood as arising from differences in
how the indices separate the DTF component from impact. For STDS, anchor items
in the multiple-group IRT model place the two groups on a common latent trait scale,
but they do not make the group latent trait distributions identical. Because STDS is a
sample-based index that averages expected-score differences over the empirical dis-
tribution of estimated 6 values, its averaging distribution may still reflect impact.
When the expected-score difference function varies across 6, this sample-based
weighting can produce systematic bias; in the present unidirectional DIF conditions,
it appeared as negative Bias and increased RMSE.

Index S, in contrast, conditions on anchor-score strata before aggregating group
differences. This design compares groups within the same anchor-score levels and is
therefore intended to reduce the impact component before summarizing DTF magni-
tude. However, the anchor score is only an observed-score proxy for the latent trait.
When the DIF proportion is high, the anchor set becomes smaller, and anchor-score
matching becomes coarser; under bidirectional DIF, the cancelation of DIF effects
may also be incomplete within each anchor-score stratum. These mechanisms pro-
vide a conceptual explanation for why Index S showed bias under latent mean-shift
conditions with bidirectional DIF; in the present simulations, this Bias was positive,
particularly under the 50% DIF condition.

Results: (b) Correlations With Existing Indices

Next, we analyzed the correlations between Index S, Index Sgyq4, and existing DTF
indices. The number of simulation replicates per condition was 500.

In Study 1, the correlations between Index S and STDS were high across all simu-
lation conditions, ranging from a minimum of .854 to a maximum of .957. Similarly,
the correlations between the Index S and DTFR were high, ranging from .856 to .971.
In addition, the correlations between the standardized Index Syg and ETSSD ranged
from .785 to .957, indicating that the standardized index exhibited strong associations
with the established indices. Figure 5 presents scatterplots for the condition in which
both groups had sample sizes of N =500, the test length was 40, the proportion of
DIF was 30%, and the direction of DIF was either unidirectional or bidirectional.
Scatter plots and a complete list of correlation coefficients for the remaining condi-
tions are provided in the Supplemental Material.

In Study 2, we examined the same set of conditions as in Study 1 but specified the
type of DIF as non-uniform. The results again indicated strong correlations; across
all simulation conditions, the correlations between Index S and STDS ranged from
.877 to .965. Similarly, the correlation between the Index S and DTFR ranged from
.877 t0 .970. In addition, the correlations between Index Sgq and ETSSD ranged from
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797 to .964, indicating that the standardized index also showed high correlations
with the established indices. Figure 6 presents scatterplots for the condition in which
both groups had sample sizes of N =500, the test length was 40, the proportion of
DIF was 30%, and the direction of DIF was either unidirectional or bidirectional.
Scatter plots and a complete list of correlation coefficients for the remaining condi-
tions are provided in the Supplemental Material.

Study 3 corresponded to the subset of conditions in Study 1 in which the latent-
trait distribution of Group 2 was set to 6,; ~ N( — 0.5, 1). The simulation results indi-
cated that across all conditions, the correlations between Index S and STDS ranged
from .743 to .944, the correlations between Index S and DTFR ranged from .760 to
.946, and the correlations between the standardized index, Index Sgq4, and ETSSD ran-
ged from .751 to .943. Although these correlations remained high, they were slightly
lower than those observed in Study 1.

Figure 7 presents scatterplots for the same settings as in Figure 5, but under the
latent-trait distribution 6, ~ N( —0.5,1). As shown, while the correlations remain
high, the points appear to be systematically shifted such that Index S tends to fall
below the 45-degree line (i.e., in the lower-right region), which contrasts with the
pattern observed in Figure 5.

This combination of high correlations and systematic deviations from the 45-
degree line is consistent with the estimation accuracy results based on RMSE and
Bias reported in Figures 1-4. Specifically, under the latent mean-shift condition,
Index S exhibited a positive Bias in the bidirectional DIF condition, whereas STDS
exhibited a consistently negative Bias in the unidirectional DIF condition, and an
increased RMSE was also observed. Accordingly, the relationship between the indices
in Study 3 can be interpreted as preserving rank-order agreement while showing
reduced absolute agreement. That is, under latent mean-shift conditions, although the
relative ordering of the respondents (or conditions) implied by the two indices was
largely maintained, the index values themselves were more likely to diverge systema-
tically in a directional manner.

Finally, Study 4 corresponded to the subset of conditions in Study 2 in which the
latent-trait distribution of Group 2 was set to 6 ~N(—0.5,1). The simulation
results indicated that across all conditions, the correlations between Index S and
STDS ranged from .772 to .947; the correlations between Index S and DTFR ranged
from .782 to .953; and the correlations between the standardized index, Index Sy,
and ETSSD ranged from .750 to .946. Although these correlations remained high
overall, they were somewhat smaller than those observed in Study 2, mirroring the
pattern found in the correlation results of Studies 1 and 3.

Figure 8 presents scatterplots for the same settings as in Figure 6 but under the
latent-trait distribution 6 ~ N( — 0.5, 1). As shown, while the correlations remain
high, Index S again appears to be systematically shifted below the 45-degree line
(i.e., in the lower-right region), which contrasts with the pattern in Figure 6. This ten-
dency also parallels the relationship observed in Studies 1 and 3. These findings are
consistent with the estimation accuracy results based on RMSE and Bias.
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Results: Additional Sensitivity Analysis

To address the practical issue that anchor items may not be perfectly identified in
applied DIF analyses, we conducted an additional targeted sensitivity analysis. This
analysis examined how Index S was affected by anchor contamination and by the
choice of J,;;. The design crossed the four study conditions described earlier, test
lengths of 20 and 40 items; group-size combinations of (250,250), (250,500),
(500,250), and (500,500); DIF proportions of .10, .30, and .50; and unidirectional
versus bidirectional DIF.

Anchor contamination was manipulated by replacing a proportion of the true
anchor items with randomly selected DIF items while keeping the total number of
anchor items constant. Three contamination proportions were examined: 0%, 10%,
and 20%. We also varied J,,;, across three values: 2, 5, and 10. For each condition,
Index S was evaluated in terms of Bias, following the same definition used in the pri-
mary simulation studies. In addition, we recorded the proportion of examinees
included in merged anchor-score blocks as a diagnostic of how much the sparse-
stratum rule coarsened the matching variable. A representative figure is presented in
the main text for the condition with 20 and 40 items and N=500 per group, and the
full set of conditions is provided in the Supplemental Material.

Figures 9 and 10 summarize the additional sensitivity analysis for the representa-
tive sample-size condition with N = 500 per group, separately for the 20-item and
40-item tests, based on 500 replications per condition. In each figure, the upper panel
shows the Bias of Index S, and the lower panel shows the proportion of examinees
included in merged anchor-score blocks. The same general pattern was observed
across the full set of sample-size conditions reported in the Supplemental Material.

Anchor contamination had a clear effect on Index S, especially under unidirec-
tional DIF. When no contaminated anchor items were included, Bias was generally
small, apart from the systematic patterns already observed in the primary simulation
studies. As the contamination proportion increased from 0% to 10% and 20%, Bias
became increasingly negative under unidirectional DIF.

Under bidirectional DIF, the effect of anchor contamination was smaller and
tended to appear as slightly positive rather than strongly negative Bias. This pattern
is consistent with the cancelation property of test-level DTF: When DIF effects oper-
ate in opposite directions, contaminated anchors may partly cancel at the total-score
level, although such cancelation is not guaranteed within each anchor-score stratum.
Thus, the impact of anchor contamination depended not only on the amount of con-
tamination but also on the direction of DIF.

The sensitivity to J,;, was relatively limited with respect to Bias. Across both test
lengths, the Bias curves for J,,;,= 2, 5, and 10 were generally similar, suggesting that
increasing J,,;, did not systematically increase or decrease the Bias of Index S. In
contrast, J,,,;, had a clearer effect on the stratification diagnostics. Larger J,,;, values,
especially J,;,,= 10, increased the proportion of examinees included in merged
anchor-score blocks, particularly in the 40-item tests. Thus, the main consequence of
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Sakamoto and Kumagai 25

increasing J,,;, was not a consistent change in Bias, but a coarsening of the anchor-
score matching due to more extensive stratum merging.

Empirical Application

To evaluate the practical utility of the proposed indices, we conducted an empirical
analysis using real data. Specifically, we analyzed Booklet 1 from the TIMSS 2023
Grade 8 Mathematics Assessment for Japan (N =394) and the United States
(N =598). The booklet contains 43 items, including one polytomous item with three
response categories (correct/partially correct/incorrect). For simplicity, partially cor-
rect responses were recorded as incorrect, and the items were treated as dichotomous.
In addition, for item ID ME82511, all Japanese examinees had missing responses;
therefore, this item was excluded from the analysis for both countries. The final anal-
ysis was based on 42 items.

Before conducting the DTF analysis, we performed DIF analyses between the two
countries, treating Japan as the reference group and the United States as the focal
group. First, we applied the MH method (Mantel & Haenszel, 1959), Crossing
SIBTEST (Li & Stout, 1996), and Raju’s method (Raju et al., 1995) using the difR
package (Magis et al., 2010; version 6.1.0) in R (R Core Team, 2025). Items were
classified as DIF items only when they were consistently flagged across all three
methods; that is, when they were classified as category C (large effect) based on the
ETS criterion in the MH method (Zwick, 2012) and were statistically significant in
both Crossing SIBTEST and Raju’s method. All other items were used as anchors.
Purification was performed using DIF procedures. As a result, 17 of the 42 items
were detected as DIF items, leaving 25 anchor items. We also examined the direction
of DIF among the 17 final DIF items using MH-style-matched odds ratios. This diag-
nostic suggested a mixed, rather than purely unidirectional, DIF pattern: Seven items
favored Japan, and 10 items favored the United States. Although the DIF directions
were mixed, the summed signed log odds ratios were larger in the U.S.-favoring
direction, suggesting a net tendency for the DIF items to favor the United States.
Figure 11 shows the MH-style log odds ratios for the final DIF items.

To diagnose the extent of impact in the empirical data, we also inspected the group
latent trait distributions estimated from the multiple-group IRT model. As shown in
Table 2, Japan served as the reference group, with its latent mean and variance fixed
at 0 and 1, respectively. The U.S. latent mean was estimated to be —1.151, with an
estimated variance of 0.887. The expected a posteriori (EAP) factor score summaries
showed the same pattern. These results indicate a substantial latent trait distribution
difference between the two groups in the analytic sample.

For the DTF analysis, we computed the proposed indices, Index S and Index Sy,
using stratification based on the anchor item total score. To further evaluate the stabi-
lity of the observed-score standardization, we examined the anchor-score distribution
used for the computation of Index S. The anchor-score distribution contained 26 raw
strata, ranging from 0 to 25. Four raw strata, corresponding to anchor scores of 14,
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Figure 11. Direction of DIF among final DIF items based on MH-style matched odds ratios.
Positive values indicate Japan-favoring DIF, and negative values indicate U.S.-favoring DIF.

Table 2. Model-Estimated Latent Trait Distributions by Group in the TIMSS Application.

Model_latent Model_latent EAP_score EAP_score
Group N _mean _variance _mean _SD
Japan 394 0 | 0.003 0.960
United States 598 —I1.151 0.887 —1.152 0911

Note. Japan was used as the reference group in the multiple-group IRT model, with its latent mean and
variance fixed at 0 and |, respectively. The U.S. latent mean and variance were freely estimated relative
to the Japanese reference group. EAP score summaries are reported as descriptive diagnostics.

were sparse before merging because no Japanese examinees fell into these strata.
These strata were therefore combined with the adjacent score level, resulting in one
merged block covering anchor scores 1-5. After this merging step, 22 anchor-score
blocks were used in the computation of Index S. No other anchor-score blocks
required merging. Table 3 summarizes the anchor-score stratification, Figure 12 dis-
plays the anchor-score distribution by group, and Figure 13 presents the mean total
test scores for each stratum.
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Figure 12. Anchor-score distribution and merged strata by group in the TIMSS application.
Bars represent the number of examinees in each anchor-score stratum for Japan and the
United States. The shaded region indicates the merged anchor-score block used in the
computation of Index S. Asterisks indicate raw anchor-score strata that did not satisfy the Jm
= 2 criterion before merging.
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Figure 13. Mean test scores for Japan and the United States by anchor-item strata in the
computation of Index S for TIMSS 2023 Grade 8 mathematics (Booklet I).

Next, we computed the IRT-based DTF effect-size indices (S7DS and DTFR) and
a standardized index (E7TSSD) using the mirt package (Chalmers, 2012) and com-
pared them with Index S and Index Sgq (Table 4). The signs of the IRT-based indices
were oriented to match the sign convention of Index S, so that all indices could be
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Table 4. DTF Indices on the Raw-Score and Standardized Scales.

STDS —-1.178
DTFR —1.168
Index S —0.496
ETSSD -0.127
Index Ssq -0.047

interpreted in the same direction. The results were DS =— 1.178, DTFR =—1.168,
and Index S =— 0.496. Thus, on the raw-score scale (maximum score = 42), the mag-
nitude of DTF was approximately 0.5 to 1.2 points, and all indices led to the same
directional interpretation that the overall impact at the test level was limited. For the
standardized indices, ETSSD =— 0.127 and Index Ssq =— 0.047, both of which fall
within the small-effect range.

The discrepancy between STDS and Index S should be interpreted in light of the
empirical conditions observed in the TIMSS data. The dataset involved both a high
DIF proportion and substantial group differences in the matching variable and
model-estimated latent trait distribution. Specifically, 17 of the 42 items were classi-
fied as DIF items, corresponding to a DIF proportion of 40.5%. In addition, the
multiple-group IRT model estimated the U.S. latent mean to be approximately —1.15
relative to Japan, indicating substantial impact in the analytic sample. The MH-based
direction diagnostic further suggested a mixed rather than purely unidirectional DIF
pattern: Seven DIF items favored Japan, and 10 favored the United States. These
empirical conditions are close to the high-DIF and latent mean-shift conditions
examined in the simulation studies. Consistent with the simulation results, the accu-
racy and absolute magnitude of the indices may therefore have been more sensitive
to DIF direction and to the distribution used for matching or averaging.

Index S and STDS yielded the same directional interpretation, but Index S was
substantially closer to zero. Specifically, |Index S|/|STDS| = .42. This suggests that,
relative to STDS, Index S attenuated the absolute magnitude of the negative DTF
estimate. One plausible explanation is that the high DIF proportion reduced the size
of the anchor set and made anchor-score matching less precise, while the mixed DIF
pattern allowed partial cancelation of DIF effects within anchor-score strata. This
attenuation is consistent with the simulation findings showing that, under high-DIF
and latent mean-shift conditions, Index S may become biased when anchor-score
matching becomes less precise and DIF effects cancel imperfectly within strata.
Under such conditions, Index S may have been shifted upward, thereby making the
negative estimate less negative.

At the same time, the discrepancy should not be attributed solely to potential bias
in Index S. STDS is also a sample-based index that averages expected-score differ-
ences over the empirical distribution of estimated 6 values. Because the U.S. latent
trait distribution was estimated to be substantially lower than the Japanese distribu-
tion, STDS may also reflect the distribution over which the DTF function was
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averaged. Therefore, the discrepancy between S7DS and Index S likely reflects a
combination of the high DIF proportion, substantial impact, mixed DIF direction,
and differences in the estimands and weighting schemes of the two indices. Because
the true DTF value is unknown in the empirical data, the discrepancy should be inter-
preted as evidence that absolute DTF magnitudes can differ across indices under
high-DIF and substantial-impact conditions, rather than as evidence that one estimate
is definitively correct.

Discussion

This study proposed a simple approach for the DTF analysis method based on sum
scores and the corresponding magnitude of DTF indices (Index S and Index Syq) and
examined their validity via simulation studies from three perspectives: (a) estimation
accuracy (RMSE and Bias), (b) their relationships with existing IRT-based indices
(STDS, DTFR, and ETSSD), and additional sensitivity analyses of anchor contamina-
tion and J,,;,. We conducted an empirical application using operational test data by
applying both the proposed indices and IRT-based indices to evaluate their practical
utility.

From the perspective of (a) estimation accuracy, RMSE and Bias increased as the
proportion of DIF increased, with error inflation becoming particularly pronounced
under high-DIF conditions (30%—50%). A similar pattern was observed for STDS
(and for DTFR and ETSSD; see the Appendix and Supplemental Material), although
the form of the error depended on the condition. Specifically, (a) under unidirectional
DIF combined with latent mean-shift conditions, STDS showed marked increases in
RMSE and a negative Bias, whereas (b) under bidirectional DIF combined with latent
mean-shift conditions, Index S tended to exhibit an increasing positive Bias. These
results suggest that even with the same proportion of DIF, the pattern of estimation
error differs across indices depending on the combination of DIF direction and the
latent trait distributions of the groups being compared.

One possible contributor to this error pattern is that, as the proportion of DIF items
increases, the purity of stratification based on anchor-item scores may deteriorate,
making it more likely that the within-stratum mean differences are contaminated by
residual DIF or DTF components. This mechanism is consistent with evidence from
the SIBTEST literature that standardization-based approaches can deteriorate when
the proportion of DIF items is large, partly because the matching variable becomes
contaminated and the separation of impact and DIF/DTF components weakens (Gierl
et al., 2004). In particular, an increase under the 50% DIF condition implies a heigh-
tened risk of overestimating the magnitude of the DTF when interpreting the point
estimates of the index in practice. Therefore, caution is warranted when applying the
proposed indices to high-DIF environments.

Regarding (b), the relationships between the proposed indices and existing DTF
indices showed overall favorable associations, indicating rank-order agreement.
However, absolute agreement tended to decline, especially under latent mean-shift
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conditions. Accordingly, in applied settings, it may be preferable to use indices S
and Index Sgq in conjunction with other DTF indices for a more comprehensive
evaluation.

The additional sensitivity analysis also provides practical guidance for anchor
selection and the choice of J,,;,,. Because anchor contamination directly affected the
Bias of Index S, especially under unidirectional DIF, anchor selection should not be
treated as a purely mechanical preprocessing step. When anchor items are not known
a priori, researchers should use established DIF-detection procedures with purifica-
tion and should report how the final anchor set was selected. Regarding J,,;,,, the sen-
sitivity analysis showed that increasing .J,,;, from 2 to 5 or 10 did not systematically
reduce Bias; the Bias curves were generally similar across J,,;, values. Because larger
Jmin values increased stratum merging without consistently reducing Bias, J,,;,= 2
appears to be a reasonable minimal default. Larger values should be used cautiously
and, if considered, reported as part of a sensitivity analysis rather than being treated
as default settings.

The empirical application further illustrated the practical interpretive value and
limitations of Index S. Although Index S and the IRT-based indices yielded the same
directional interpretation, their absolute magnitudes differed. As discussed in the
empirical application, this discrepancy should be interpreted considering the high
DIF proportion, substantial group differences in the anchor-score and latent trait dis-
tributions, mixed DIF direction, and differences in the estimands and weighting
schemes of the indices. Thus, the empirical example supports the complementary use
of Index S with IRT-based DTF indices, especially in high-DIF or substantial-impact
settings.

Index S was developed to provide a simpler way to estimate the magnitude of
DTF using raw scores without relying on IRT modeling. Its primary advantages are
ease of estimation and intuitive interpretability. For example, as demonstrated in the
empirical application, expressing the test-level DTF as ‘‘approximately 0.5 to 1.2
points on a 42-point test between Japan and the United States’’ provides an interpre-
tation accessible to non-psychometric stakeholders such as test developers, educa-
tors, and policymakers (Baguley, 2009). In contexts where DTF is a concern, it is
important to conduct DTF analyses alongside DIF analyses (Drasgow et al., 2018;
Stark et al., 2004), and our results underscore that applied decisions are best sup-
ported by triangulation across multiple DTF indices.

From a computational perspective, Index S is also less demanding than IRT-based
DTF indices once the anchor set has been specified. Its computation requires only
observed-score operations: computing anchor and total scores, tabulating respondents
by anchor-score strata and group, calculating within-stratum total-score mean differ-
ences, and taking a weighted average of these differences. It does not require iterative
latent-variable model fitting, estimation of item parameters, estimation of individual
latent trait scores, or computation of ES functions. By contrast, IRT-based indices
such as STDS, DTFR, and ETSSD require fitting an IRT or multiple-group IRT model
and then computing ES or TCC differences. These steps can involve non-trivial
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computational cost, convergence checks, and model-fit considerations, especially in
large simulation studies or more complex item-response models.

This computational advantage should be interpreted with one qualification. If
anchor items are not prespecified, a DIF analysis is still required to identify the
anchor set. Thus, the total computational burden depends partly on the DIF detection
method used in Step 1. However, after the anchor set has been determined, Index S
itself can be computed with simple tabulation and weighted averaging, making it
more accessible for applied settings in which full IRT modeling may be impractical.

This study has several limitations. First, this study focused on two-group compari-
sons. Extending the approach to multigroup settings is an important direction for
future research. Although the logic of conditioning on anchor-score strata can, in
principle, be extended to more than two groups, additional work is needed to define
appropriate group comparisons, weighting schemes, and summary measures of test-
level differential functioning in multigroup contexts. Second, our simulations were
based on IRT, and we primarily investigated the conditions under which the same
model (2PL) was assumed for both data generation and estimation. Consequently, we
did not evaluate the performance of Index S (or the comparison indices) under model
misspecification, which is common in operational testing. Sijtsma et al. (2024)
reported simulation evidence that, when a model is mis-specified or the sample sizes
are small, sum scores may outperform estimated latent traits in terms of their associa-
tion with the true latent trait. Future studies should therefore investigate Index S
under conditions in which the generating and estimating models are intentionally
mismatched and further compare its performance with IRT-based DTF indices under
such misspecification scenarios.
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Appendix

We also evaluated the estimation accuracy of DTFR and ETSSD as comparison tar-
gets for the indices S and Sy, respectively. For each simulation condition ¢ (sample
size, test length, type of DIF, proportion of DIF, direction of DIF, and focal-group
latent trait distribution), let the replication-level estimates of DTFR and ETSSD be
denoted by DTFRC,, and ET: S'SDC,,, and let the corresponding true values for condi-
tion ¢ be DTFR"" and ETSSD”". The estimation accuracy was assessed using Bias
and RMSE as follows:

R
Bias?™™" = %Z (DTFR,,, — DTFRI™),

r=1

1

R
RMSEP™® = | =" (DTFR., — DTFRr«)’,
=1

|
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c

R
BiasETSSD = %Z (ET@SDC,, — ET: SSDZW),

r=1

R
RMSEFT™SP = %Z (ETSSD,., — ETSSDI)’.
r=1

True values, DTFRY" and ETSSDY", were obtained by generating large Monte
Carlo samples (50,000 respondents per group) under the item-parameter settings for
each condition. In the true-value computation, response data were generated using a
common latent trait distribution for both groups to exclude the contribution of
between-group latent trait differences. A two-group 2PL model was then fitted in
MIRT, and DTFR and ETSSD were extracted using empirical_ES. For interpretabil-
ity, the signs were aligned as Group 1 minus Group 2.

Accordingly, DTFR"*¢ and ETSSD"** do not depend on sample size. Even when
the two groups had different latent trait distributions (Studies 3 and 4), the true val-
ues were defined under a common distribution. This design choice was made to eval-
uate the robustness of the DTF estimation—namely, how stably each method can
recover the DTF component that remains unaffected by latent trait distribution differ-
ences when an impact is present. The number of replications was R =500. The com-
parative results for the estimation accuracy of Index S versus DTFR and Index Sgq
versus ETSSD are provided in the Supplemental Material.



